Introduction
In [Arn, Appendix 9] Arnold proposed a beautiful conjecture concerning the relation between the number of fixed points of certain (i.e., exact or Hamiltonian) selfdiffeomorphisms of a closed symplectic manifold (M, ω) and the minimum number of critical points of any smooth (= C ∞ ) function on M . The first author succeeded in proving this form of the Arnold conjecture [R2] under the hypothesis that ω and c 1 vanish on all spherical homology classes and that there is equality between the Lusternik-Schnirelmann category of M and the dimension of M . In this paper, we use a fundamental property of category weight to show that, for any closed symplectic manifold whose symplectic form vanishes on the image of the Hurewicz map, the required equality holds. Thus, we show that the original form of the Arnold Conjecture holds for all symplectic manifolds having ω| π 2 (M ) = 0 = c 1 | π 2 (M ) .
The Arnold Conjecture
Let (M 2n , ω) be a closed symplectic manifold. A symplectomorphism φ : M → M (i.e., a diffeomorphism with φ * ω = ω) is called Hamiltonian (or exact) if it belongs to the flow of a time-dependent Hamiltonian vector field on M . See [HZ] or [MS] for details. With these definitions, we can now enunciate the Arnold Conjecture 2.2. The following inequality holds for every closed symplectic manifold (M, ω):
The conjecture, usually (but not universally) weakened by replacing Crit M by the cup-length of M , has been proved under various hypotheses for various classes of manifolds ( [CZ] , [H] , [F1] , [F2] ). The most general approach to the conjecture (in its modified form) has been that of Floer who developed a powerful homology theory well-suited to the problem. Recently, however, the first author proved the following result based on Floer's approach and using topological arguments related to a new invariant, the category weight (see [R1] for instance).
Theorem 2.3 ([R2]
). Let (M, ω) be a closed symplectic manifold, and let c 1 be the first Chern class of M . Suppose that both ω and c 1 vanish on the image of the Hurewicz map h :
That is, the Arnold Conjecture holds for M .
Recall that the Lusternik-Schnirelmann category of M , cat M , is the least integer n such that M may be covered by n + 1 open subsets each of which is contractible inside M . Lusternik and Schnirelmann [LS] showed that Crit M ≥ cat M + 1 and category has therefore been used as an effective approximation of Crit M ever since. Thus, it is not so surprising that finer invariants such as category weight should prove effective in analyzing a problem such as the Arnold Conjecture. It is to this new invariant that we now turn.
Category Weight
In this section we define category weight and recall some of its properties (see [FH] , [R1] , [S] ). Let H * (−; G) denote singular cohomology with coefficients in an arbitrary abelian group G.
Definition 3.1. Let u ∈ H * (X; G) and denote the category weight of u by cwgt u. Then, we say that cwgt u ≥ k if u| A = 0 for all A ⊆ X with cat X A < k.
Here, cat X A denotes the relative Lusternik-Schnirelmann category defined as the least integer n such that A is covered by n + 1 sets open and contractible in X.
Category weight was introduced recently in [FH] and has been developed and applied even more recently in [R1] , [R2] and [S] . The only properties of cwgt that we shall need are the following:
Properties of Category Weight 3.2 (see [FH] and [R1] ).
(1) cat X ≥ cwgt x for every non-zero x ∈ H * (X; G); (2) If X is a CW -space then cwgt x ≤ deg x for every non-zero x ∈ H * (X; G); (3) Let X be a metrizable space. Then cwgt x ≥ 2 if
where ε : SΩX → X is adjoint to the identity on ΩX;
The Main Result
Theorem 4.1. Let X be a connected CW -space, and let u ∈ H 2 (X; R) be a nontrivial class which vanishes on the image of the Hurewicz homomorphism h : π 2 (X) → H 2 (X).
Then cwgt u = 2.
Proof. First, recall that, by the Universal Coefficient Theorem,
Hence, the class u may be thought of as a homomorphism from H 2 (X) to R. It therefore makes sense to speak about u vanishing on Im(h : π 2 (X) → H 2 (X)) where h is the Hurewicz homomorphism. This is usually denoted by u| π 2 (X) = 0.
By Property 3.2(2) above, we see that cwgt u ≤ 2. We shall now show that, in fact, equality obtains by demonstrating that u satisfies the criterion of Property 3.2(3). To do this, recall that Hopf's Theorem says that the classifying map
where π denotes π 1 (X) and h : π 2 (X) → H 2 (X) is the Hurewicz homomorphism.
(For a straightforward proof, see [LO] .) Now, u ∈ H 2 (X; R) ∼ = Hom(H 2 (X); R) and u| π 2 (X) = 0. Hence,
We denote the corresponding element of the right-hand group by u π . So, f * u π = u.
Now consider the commutative diagram
Clearly, ΩK(π, 1) is homotopy equivalent to a discrete space, so that SΩK(π, 1) is homotopy equivalent to a wedge of circles and, therefore, has no degree 2 cohomology. Hence ε Corollary 4.2. Let (M 2n , ω) be a symplectic manifold with ω| π 2 (M ) = 0. Then
Proof. By the Theorem, cwgt ω = 2. (Here we write ω for the real cohomology class as well as for the symplectic form). Since (M 2n , ω) is a symplectic manifold, the n-th wedge product of ω is a volume form and, thus, ω n = 0 in cohomology as well. Properties 3.2(1) and 3.2(4) then give
But dim M = 2n and dim M ≥ cat M in general. Thus, all the inequalities are, in fact, equalities and cat M = dim M .
Corollary 4.3. Let (M 2n , ω) be a symplectic manifold with
Then the Arnold Conjecture
Arn(M, ω) ≥ Crit M, holds for M .
Proof. Apply Corollary 4.2 to Theorem 2.3.
The Ganea Conjecture.
In [Ga] , Ganea conjectured that the Lusternik-Schnirelmann category of the product of a space X with a sphere S n , n > 0 should always have the category of X plus one. This conjecture has been shown to be true under the hypothesis that cat X = dim X (see e.g. [R1] ). Hence, we have Theorem 5.1. Let (M 2n , ω) be a symplectic manifold with ω| π 2 (M ) = 0. Then, for all n > 0, cat(M × S n ) = cat M + 1.
That is, the Ganea conjecture holds for M .
